Stochastic Process : Final exam 2016

Time: 3 hours Maximum Marks 100

Answer any 4 questions. Each question carries 25 marks.

I:

[15+10]

(a) Consider an irreducible Markov chain {X,} with state space § with transition probability matrix
(pij). Suppose the (common) period of each state is 3. Consider the process Yi. = Xg3;. Show that
{Yi} is a Markov chain. Obtain the transition probability matrix (g;;) of {Yi} in terms of (pi;).
Show that {Y}} is aperiodic but is reducible.

(b) Let {X, :n > 1} be an S-valued Markov Chain with stationary transition probabilities (p;;) where
S = {1,2,3,4,5,6,7,8} and let (p;;) be defined by p;; = 0.7, p12 = 0.3, pa1 = 0.3, pas = 0.7,
pas = 0,28, par = 0.75, pas = 0.75, pas = 0.25, psr= 0.75; psg = 0.25; psgs = 0.25, pgg = 0.75,
prs = 0.2, prr = 0.8, pgo = 0.7, pgg = 0.3. Classify the states into transient and recurrent states.
For recurrent states j, k € S write down the value of

lim pﬁ?.

nN—o0

. Let {X,} be a § valued Markov Chain with stationary transition probabilities (p;;) and initial distribu-

(m)

tion 7 which is a stationary distribution i.e. it satisfies ), ¢ mp;; = 7;. Recall ;™" = P(Ap | Xo = i)
where Ay, = {Xm =j. Xy #j. 1 <t <m}. Let v = Zj‘;lnf};‘-}, Show that [54+5+5+5+5]

() PldnXo=1)=fTny

(b) P(An, Xo = j) = P(Ax) = P(An, Xo # j).
(c) P(An, Xo# J) = P(Ans1)-

(d) T2 ) ey =Pl

(e) wjm; = 1.

[You may use without proof the fact that since the initial distribution is stationary, for V .C ™, n >
Ly 21,
B X Kngdomeny K= TE Vi = PUUXG X s Xm—1)E W)

. Let {N; : t > 0 be a Poisson process with rate A and let {X, : n > 0} be a Markov chain taking

values in § = {0,1,2,...} with stationary transition probabilities (p;;). Assume that X and N are
independent. Also suppose {X, : n > 0} admits a stationary distribution (m;). [9+9+7]
Consider the process

Zy = Xn,.

(a) Showthat for 0 < sp <81 < ... <8 <s< s+t ip, 810tk 6. JES

P(Ziys = J.Neps =m+n | Zgy, =10, Nag = N, -« . Zsy, = igs Ny = gy Zs =4, N; = n)
=P Xpr=7 | Xa=20)P(Ny=:m)

™ T
=> exp(-xt) 20

I
.
m=0

(b) Show that {Z,} is a Markov Chain with Stationary transition probabilities
P(ZH_S :J | Z-‘*’U = "U ..... Z-"‘A-- == ik,ZS = EJ = P—L(t)

where 0 < gp <5 <...<sp<s< s+t i,4,..., ix,i,j € S and obtain an expression for P;;(t)
in terms of (p;;) and A.



(c) Show that and for i # j

d

d
aﬂ'j(f) lt=0= Apy;, ﬁp-if(t) li=o= —A(1 — pi;).

4. (12+13]

(a) Let S={0,1,2,...} and let (p;;) be defined as follows: Let 0 < p<1,0<8 <1 be fixed and let
q=1—p. Let poo = 6. po1 =1 -6 and for i > 1 let Pii-1 = q and p; ;41 = p. (for all other 4, j.
pi; = 0). Show that the chain is irreducible aperiodic. For what values of p. 8 does the chain admit
stationary initial distribution? Obtain the stationary initial distribution when it exists.

(b) Let S = {0,1,2,...,} and let {X, :n>1} bean S-valued Markov Chain with stationary transition
probabilities (p;;) and initial distribution {u; = P(Xy = 1), i € S}. Suppose

po1 =1, piov) =@, pio=1—a;. foralli>1

where 0 < a@; < 1 for all i > 1 with all other transition probabilities being zero. Show that the
Markov chain {X,} is irreducible and aperiodic . Find conditions on {a;} under which the chain is
(i) transient, (ii) recurrent (iii) positive recurrent and (iv) null recurrent.

Recall: A recurrent chain is positive recurrent if and only if it admits a stationary initial distribution
and other wise it is null recurrent.

3. Recall that for finite sets E, F, where E is subset of real numbers, for random variables X, Z, such that
X € E and Z € F, the conditional expectation E[X | Z] of X given Z, is defined as follows:

E(X |Z)=y4(2)
where g : F'— R is defined by. for v € F such that P(Z =v) > 0, writing B, = {w: Z(w) = v}

]
g(y) = B(B.) %:Igzj (W)X (w)P({w})

and for y € F such that P(Z = y) = 0, g(v) = 0. [6+8+46+6]

(a) Show that E[g(Z)] = E[X].

(b) For a function u on F show that E[u(Z)X | Z] = u(Z)E[X | Z].
(c) Show that for any function h : F s R E[(X — ¢g(Z))h(Z)] = 0.
(d) For all functions h on F E[(X — ¢(Z))?] < E[(X — h(Z))%.

6. Let us fix a sequence of random variables o WL Sy} such that each S,, takes values in a finite set
E and Sy is a constant. All notions. adapted. predictable, stop time martingale, refers to Sg. 9y.... Sy
as observable at time k. Let {M, : n > 1} be a martingale (with My = E(M))), 7,0 be stopping times
with0 <o <7< N, Forl<n<Nlet, A4, = Yocksry Yn = M2, Vi, = Y0 Ap(Yi = Yi_y). Show
that [5+5+5+5+5]
(a) {Yy :n > 1} is a sub-martingale.

(b) {A, : n > 1} is predictable.

(¢) {Vi:n > 1} is a sub-martingale.
(d) Vn — Y‘r;\n = Ym‘\n-

(e) E(M2) < E(M2).

[You may use any part of any question while solving any other part of the same or different question, even if
you do not solve the part you are invoking- just refer to as part (x) of question no (y).]



